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A method is proposed for solving problems in which either scalar or vector waves
impinge at an arbitrary angle on an inhomogeneous nonspherical target whose size
is comparable to the wavelength of the incident radiation. This method reduces a
partial differential equation, the Helmholtz wave equation, to an ordinary differential
equation through selection of angular trial functions composed of weighted sums of
spherical harmonics. The wave equation then becomes a coupled set of radial differential
equations which are discretized and solved by matrix methods, enforcing boundary
conditions on the surface of the smallest sphere which completely encloses the target.
The method is an extension of partial wave expansion and reduces to it exactly when
the target is spherically symmetric.

1. INTRODUCTION

The literature on scattering of either scalar or vector waves from objects other
than spheres or infinite circular cylinders is quite sparse, especially in the so-called
“resonance region” where the wavelength of the incident radiation is comparable
to the spatial dimensions of the scatterer. Approximations which are useful in the
low and high frequency domain are quite unreliable in the resonance region, and
resort must be made either to approximate methods developed especially for this
region, or to a tedious but, in principle, “exact” phase-shift calculation. This
latter alternative is possible only when the surface of the scatterer coincides with
a constant-coordinate surface in one of the eleven coordinate systems in which the
Helmholtz wave equation

Vi ki = 0 (1)

is separable [1]. Aside from spheres and infinite circular cylinders, few other
shapes have been treated by separation of variables, probably because of the lack
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of extensive numerical tables of some of the special functions required. Represen-
tative of what has been done for scalar waves are papers by Klante [2] on the
paraboloid of revolution, Silbiger [3], Senior [4], Spence and Granger [5], and
Yeh [6] on the prolate spheroid, and Yeh [7] on the oblate spheroid. Typical of the
electromagnetic case are papers by Siegel et al. [8] on the prolate spheroid, and
by Yeh [9] on the dielectric parabolic or elliptic cylinder.

When target shape does not permit solution by separation of variables, recourse
must be had to other methods which are either admittedly approximate, or are
approximate in practice because of severe computational difficulties. Such approxi-
mations take on many different forms depending on target shape, boundary condi-
tion, and wavelength range. The various methods are usually classified as to their
applicability to one of three somewhat overlapping regions: a low-frequency or
Rayleigh region, where the wavelength of the incident radiation is large compared
to the dimensions of the scattering body, an intermediate or resonance region where
wavelength is comparable to target dimensions, and a high-frequency or geometrical
optics region where wavelength is small compared to the size of the scatterer.

A review article by Senior [10] states that the only two methods which appear
to offer promise in the resonance region are the variational method and the impulse
approximation. Variational methods have been applied to -electromagnetic
problems by Levine and Schwinger [11], Kouyomjian [12], and Wagner [13]. The
scalar case has been treated in a paper by Altshuler [14], and more extensively in
a monograph by Demkov [15]. Since the method proposed in this paper has a
variational aspect, such methods will be discussed further in Section II.

The principal paper on the impulse approximation is that of Kennaugh and
Moffatt [16]. The utility of the method is severely limited because its basic equations
must be rederived for each new target shape studied, and no general procedure for
doing this has yet been discovered.

When target surface shape does not deviate too strongly from that of a body
whose scattering can be solved, the problem is amenable to attack by the method
of perturbation of boundary shape as outlined by Morse and Feshbach [17] and
applied to the case of scattering by a dielectric elliptic cylinder of small eccentricity
by Yeh [18]. The theory of perturbation of boundary conditions as applied to
convex but otherwise arbitrarily shaped conductors has been developed to arbitrary
orders in the perturbation expansion by Erma [19].

Direct solution of the integral equation governing the scattering process, either
exactly or approximately, has been attempted by a number of workers with
varying degrees of success [20-24]. When all else fails, ad hoc prescriptions to fill
the gap between low and high frequency domains is sometimes attempted [25].

The advent of the high-speed digital computer has stimulated some new approaches
to resonance region calculations that would have been impractical if not impossible
only a few years ago. These methods are discussed in some detail by Richmond [26]
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in a survey published in 1965. The methods discussed by Richmond form a closely
related family in that they all lead to a system of linear equations obtained by
enforcing boundary conditions at many points, either within the scatterer or on its
surface. Depending on the origin of the equations, their solution leads either to a
surface current distribution or to coefficients in a modal expansion for the scattered
field.

The earliest published study in which a boundary condition was enforced at
discrete points on the surface of a nonspherical target was that of Kennaugh [27]
who presented calculations for the scattering of electromagnetic waves axially
incident on conducting prolate and oblate spheroids. Libelo [28] later gave
numerical results for axially incident scalar waves on a penetrable prolate
spheroid, and exhibited the corresponding equations for the electromagnetic case.
Mullin, Sandburg, and Velline [29] used the identical method to obtain numerical
results for scattering from a perfectly conducting infinite cylinder of arbitrary
cross-sectional shape. The alternative but closely related approach of solving for
surface current densities rather than (directly) for the scattered field has also been
used by a number of workers [30-37]. Although the methods cited above have made
a genuine contribution already and hold the promise of still further refinement,
they, too, have limitations. The object of the research reported in this paper was
to develop a new technique, suitable for digital computation, with the following
characteristics.

1. Tt must be applicable to the scattering of either scalar or vector waves
in the resonance region.

2. It must allow incident radiation at an arbitrary angle.

3. It must be capable of treating a wide variety of target shapes, preferably
arbitrarily shaped three dimensional bodies, but at least all bodies-of-revolution.

4. Tt must allow penetrable targets of inhomogeneous composition repre-
sented by a spatially variable complex index of refraction.

5. Tt must not require shape-dependent equations that need rederivation
for each new target analyzed.

The method proposed for fulfilling these objectives is described in Section II,
applied to scalar wave scattering in cylindrical and spherical coordinates, respec-
tively, in Sections III and IV, and finally applied to electromagnetic scattering
in spherical coordinates in Section V.

II. DESCRIPTION OF THE METHOD

Variational methods have been notably successful in attacking eigenvalue
problems because, when the quantity of interest is the eigenvalue itself, say, the
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binding energy of the helium atom, for example, an accurate eigenvalue is often
obtained even when the trial wavefunctions are quite poor. In scattering problems,
however, it is the wavefunctions themselves that need to be determined accurately
since the polarizations and cross sections of interest are ultimately determined by
matching wavefunctions at some strategically determined boundary. Typical of a
number of classical variational formulations is that of Demkov [38], based on the
functional

I= j B*(V2 + K¥(r, 0, @)} ¥ dr, )

where ¥ and its adjoint @* depend on the target coordinates and the directions
of the incoming and outgoing particle. The variation of 7 is proportional to the
variation in the scattering amplitude, but accurate results are difficult to obtain
unless trial functions ¥ and @* are known which simulate the proper influence
of all coordinate variables.

Suppose, however, that instead of trying to guess trial functions which represent
the complete variation of all variables, say the spherical coordinates r, 8, and ¢,
we choose trial functions which leave the functional dependence on one of them
either completely or partially undetermined. This will have the effect of reducing
what was originally a partial differential equation to an ordinary differential
equation in the unrestricted variable. Suppose, for example, that we wish to solve
the scalar Helmholtz Eq. (1) for an arbitrary potential £%(r, 6, ¢). Let

®(ra 9, 90) = R(r> G(ra 87 (P)s (3)

where G(r, 8, ¢)is a known trial function and R(r) is to be determined. Substitute (3)
into (1), multiply through by G*(r, 6, ¢) and integrate over the angular variables
to obtain

j G*V2RG df + f G*k2RG d — 0. (4)
Then
V2R - K¥(r) R + L(r)(dR/dr) = O, (5)
where
[G*V2G d2 + [ G*k*G d
2, — R
Ky = [G*G d22 6a)
and
G
Ir) = 2 f G*a—rdQ/f G*G dQ. (6b)

Note that (5) is an ordinary differential equation in r which may be solved either
analytically or numerically. Moreover, the equation is exact when G(r, 0, @) is
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known exactly. If G is not exact but merely a trial function, then K2 and L are to be
interpreted as functionals which are stationary with respect to small variations in G.
This particular variational formulation is known as Galerkin’s method and is
described at length by Kantorovich and Krylov [39]. Related methods based on
the use of weighting functions other than G itself are discussed by Federighi [40]
and by Vichnevetsky [41].

In all of the examples cited in Kantorovich and Krylov [39], trial functions are
chosen which obey some simple boundary condition on the surface of the region
of interest, usually that the wavefunction or its normal derivative be zero. The
general scattering problem is more difficult unless we want to desert our objective
of seeking solutions for scattering from penetrable bodies. But to require that for
each new shape considered, we concoct some elaborate trial function that pins
down k2(r, 0, @) on the boundary of the scatterer will not do either. Not only would
this not be in keeping with our search for a general method, but it would do no
good unless we knew what the external solution @(r, 8, ¢) should be on the
boundary. To adopt the Galerkin method to scattering problems, it is proposed
that wavefunction matching not be done on the target surface, but rather on the
surface of the smallest sphere (or cylinder) which completely encloses the actual
target. Proper continuity of wavefunction slope and value inside this bounding
surface will then depend partially on the form of the chosen trial functions, and
partially on proper solution of Eq. (5). Unless the scatterer is a sphere or cylinder
which completely filis the bounding surface, the scatterer might just as well be
completely inhomogeneous, since the difference equation constructed to simulate (5)
has to be prepared at any mesh point to cross over into a region of different index
of refraction.

The power of this method becomes most evident when G(r, 8, @) is not chosen to
be a single monolithic trial function but is rather taken to be a weighted sum of
functions chosen from a set of linearly independent polynomials. Such a procedure
is called the “method of moments™ by Kravchuk [42] and also by Harrington [43],*
who has applied it to wire scatterers and antennas, and ‘“weak separation of
variables” by Bosnak and Tompkins [44], who concentrate on secking analytic
solutions to the coupled set of ordinary differential equations which result from
applying weak separation within particularly shaped geometric domains. The
principal point of difference of the method proposed herein, and the source of its
power and generality, has already been cited, viz., the application of boundary
conditions on a sphere or cylinder closely surrounding the scatterer rather than on
the target itself as is done by the above authors, or rather than at an asymptotic
distance as is proposed by Takayanagi [45].

! Harrington makes the interesting but not surprising observation that the use of Dirac delta
functions for weighting functions reduces the method of moments to the enforced boundary
point matching method of Kennaugh [27], Libelo [28], and Mullin [29].



468 REILLY, JR.

When complete orthogonal functions are used rather than merely linearly
independent polynomials, the method of moments becomes essentially an “exact”
one since the only approximation involved, the truncation of an infinite sum of
such functions, is also necessary in ordinary partial wave calculations. By adding
more and more terms until convergence is obtained, results can be computed to
arbitrary accuracy. The only role that the variational nature of the integrals of
Eq. (6) plays is that if truncation is made somewhat short of good convergence, the
relative weights of the functions included will shift slightly to compensate for
missing higher order functions so that a reasonable solution is still obtained.

1II. APPLICATION TO SCALAR WAVES IN POLAR COORDINATES
Consider the geometry of Fig. 1 where a plane scalar wave is incident at an

angle ¢, upon an infinite cylinder of arbitrary cross section. The incident plane
wave is

@i = exp{tko[x cos ¢o + y sin o]} = expikop cos(¢ — $o)}
— 3 cnimTulkop) cos m( — o )

suggesting the external wave

Pext = Z Ameim{'ﬂm[Jm(kOP) + iNm(kﬂp)]

m=0
+ Vnlkop) — iNu(kop)]} cos m($ — o) 8)
R| i '_(S
// \
A,
¢o '/ ) \l
X
l\ /
/
\\ _ ye

Fic. 1. Geometry for scattering from an infinite cylinder of arbitrary cross-sectional shape.
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and the internal wave

@int = Z BmemimR'm(P5 95)5 (9)
m=0
where 4,, , B, , and 7, are to be determined, e, is the Neumann factor, J,, and N,,
are cylindrical Bessel functions; where R,,(p, ¢) is a solution to that portion of the
cylindrical coordinate Helmholtz equation that remains after separating out the
z dependence:

*R,,
Op?
Although R does not appear to be dependent on m, it will become so through

application of the boundary condition at the matching radius p = py .
As a trial function for R, (p, ¢), we expand in the complete orthogonal set

Runlp, $) = 3. p)am* €05 m"($ — cho), (11)

m*

10 (P oR,,

555 0 ) g ) — R Ry =0 a0

where the p-dependent weighting coefficients will be determined by the Galerkin
reduction technique. To demonstrate, let (11) be rewritten in matrix form as

R = Ca, (12)

where C is understood to be a (I X M) row vector and « is an (M X 1) column
vector, M being the number of constituent trial functions retained in the truncation
of (11). Proceeding as in Section II, we substitute (12) into (10), multiply by the
hermitian conjugate of C, and integrate over the range of ¢. Because C has strictly
real elements of the form cos m”¢, the hermitian conjugate of C is its transpose,
an (M x 1) column vector which, when multiplied times the (1 x M) vector C,
produces an (M X M) matrix. More precisely, the three terms of (10) will each
generate an (M X M) matrix whose 7, j-th elements will be, respectively,

(M) = [ cos i — go) cos (4 — ) d, (132)
M = [ cosi(s — ) ;jf; cos j($ — o) d, (13b)

s = [ " cosi(d — golkip, $) — kil cosj(b — doydp.  (130)

Because of the orthogonality of the cosine terms, the first two of these matrices
are diagonal. The third will be diagonal only if k%(p, ¢) is really dependent only
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on p; in general, it will be a full matrix whose off-diagonal terms are of a magnitude
proportional to the deviation of the target surface from that of a circular cylinder.
These steps reduce (10) to the desired ordinary differential equation

My &

2 M
T (p “)+P—;a+M3(p)a=o, (14)

Er

the principal difference from the earlier technique being that (14) is a matrix rather
than a scalar equation. It would be solved by imposing a grid of N mesh points over
the radial region extending from the origin to the rim of the smallest circle enclosing
the target, say p = py . Since we will need only the slope da/dp at p = py, and
since the numerical marchout technique which solves (14) relates any a, to o, ,
the point ahead, we need solve (14) only once to obtain

(emIn-1 = Dy-_a(o)w (15)

where Dy_; is a known matrix calculated by recursion during the marchout
procedure and the «,, has been particularized through the m-dependent boundary
condition chosen for («,,) at point N, p = py . To see what this boundary condition
should be, we require that the external and internal wavefunctions (8) and (9) be
matched at p = py :

Pext [, = Pint |, - (16)

If we multiply both sides of (16) through by cos m'(¢ — ¢,) and integrate over ¢,
forcing the boundary value («,,)y to be a column vector of all zeros except for a
single “1” in the m-th position (counting 0, 1, 2,..., M — 1), orthogonality reduces
the summation on each side to one term, so that we obtain

By, = An{nml/nkop) + iNp(kop)] + Unlkop) — iNmkop)l},_, - (U7
Knowing (a,,)y_; and hence dofdp via

o
op

() — (¥m)y—1
= dp ) (18)

p=Dbpn

we have all the information we need to force equivalence of slopes at p = py :

O Pext _ aCPint . (19)
P oy P oy

But now we encounter an interesting twist. Multiplying each side of (16) by
cos m'(¢p — &) and integrating as before, we see that the left side will still reduce
to one term due to orthogonality, but that the right side will still be a summation.
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This is so because (unless k? was not really dependent on ¢) the (a,,)y_; vectors
have nonzero elements, and from each «, orthogonality will select out that
(%) for which m” = m'. The result is that we do not obtain a scalar equation
for each individual 7,, but rather a matrix equation

Gy = F (20)

indicating that each ,, is linearly coupled to all other ’s. The size of the matrix #
will be at least M < M and perhaps larger in cases where the size of kypy dictates
that we carry, say kopy -+ 3 partial waves, but where we have reason to believe that
fewer trial functions than this are needed in (11). Numerical inversion of Z will
determine v, from which all scattering quantities of interest may be calculated.

The result that the »’s are intertwined is hardly a complication for a method
destined for use on a digital computer, and it is interesting to note that such an
occurrence is not unique. As expected, it is at the heart of the forced boundary
point matching methods of Kennaugh, Mullin, and Libelo, but it can even happen
when variables are separable, as noted by Yeh [46].

These results are applicable to the scattering of sound waves provided we are
careful to use the differential equation appropriate to an inhomogeneous acoustic
medium

V2P + k*P — (1/p) Vp - Vp =0, (21)

where P and p are, respectively, the pressure and density of the medium [47].
While not in Helmholtz form, the substitution ¥ = P(p)'/? will reduce Eq. (21) to

VY 4 K = (), (22)
where
K? = k* + (1)2p) V?p — (3/4p%) Vp - Vp, (23)

so that the results of this section are applicable provided that the K2 of Eq. (23)
is identified with the k%(p, ¢) of Eq. (10).

IV. ScALAR WAVES IN SPHERICAL COORDINATES

1. Application to r, 8 Coordinates

We consider now the scattering of a scalar wave incident at an angle 6, upon an
arbitrarily shaped body-of-revolution whose internal composition is represented
by the (possibly complex) function k%(r, 6) (see Fig. 2.) In the sense that the Galerkin
method to be applied here is a method of artificial separation of variables, it should
be compared with another such method described in a concise note by Barantsev
[48]. Although he recommends expansion in orthogonal modes, he follows the
usual variational approach wherein his trial functions are made to contain the
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F1G. 2. Geometry for scattering from an arbitrarily shaped body of revolution.

complete functional variation of all coordinates, r, 8, and ¢. His paper considers
only targets with a sharp boundary and problems with surface impedance boundary
conditions.

The technique followed here is conceptually identical to that of the previous
section, the only difference in detail being that which results from choosing wave-
functions and trial functions appropriate to spherical rather than cylindrical
coordinates. The incident plane wave is, as given in Morse and Feshbach [49],

e S v (I —m)! .
ekt = N N € il(21 + 1) % jilkor) Pi™(cos 0p) Py™(cos 6) cos mp, (24)
120 m=0 (I + m)!
where / has been used in place of their n and, without loss of generality because of
the axial symmetry, their angular variables u, v specifying the incident direction
have been replaced by 8, and 0, respectively. A consistent external solution is then
( — m)!

Pext = Zl: % R 21+ 1) TEm! hy(kqor) Py™(cos 8y) Py™(cos 6) cos me, (25)

where
h"(kor) = ${m" [ pukor) + iqulkor)] + [pulkor) — iqukor)]; (26a)
and p and q are related to the coulomb functions F and G via
p1 = Fifkr; q = —Gilkr. (26b)

For uncharged projectiles or targets, p and g reduce, respectively, to the usual
spherical Bessel functions j; and n; . The internal wavefunction is

Pmt = ), 3. Bm"R™(r, 0) cos me, (27)
I m
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where the R,™(r, 0) are solutions to the (p-separated) Helmholtz equation
V2R -+ [K¥(r, 8) — m®/(r*sin® )] R™ = 0. (28)

The appropriate trial functions are constructed from associated Legendre poly-
nomials

R™ =3 ag7(r) Pl (cos B). 29)
T

If k%(r, 0) is real, (28), like its cylindrical counterpart (10), can be reduced to an
ordinary differential equation involving M X M matrices where M is the number
of trial functions included in (29). But if

k(r, 0) = k2(r, 0) + iky2(r, 0), (30)
then
R = R, +1iR,, (31)

and complex arithmetic can be avoided throughout the later development if we
pause here to substitute (30) and (31) into (28), equate real and imaginary parts to
zero, and obtain the matrix equation

DR 4 KA = 0, (32)
where
_ (R, o (V2 — m¥(r?sin®6) 0 .
R = (Rz)’ P = ( 0 V2 — m?/(r? sin® 0)),
k2 —F.2
2 _ (%1 2
K= (k22 k,? )

Since (32) already involves 2 X 2 matrices, its ordinary counterpart will involve
2M X 2M matrices.

Returning attention to the trial expression (29), we note that certain mathe-
matical properties and physical symmetries may help us to choose those constituent
P,/™s that will do the most good. For example, there is no sense in choosing a
P for which m > [ since such terms are identically zero due to the properties
of the associated Legendre polynomials. Similarly, when the scatterer is symmetric
about 8 = 90°, the wavefunctions are either odd or even, so that in this case we
pick polynomials which have the same parity as / (the /in the P;™(cos 6) term which
will appear in the boundary condition for R/™.) For example, in solving for R;?
with five trial functions, we would use

3 3 3 3 3
P39P.‘>5P79P9»P11

for a problem with reflectional symmetry.
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Proceeding as before, the ordinary matrix equivalent of (32) can be written as
Co = ay, (33)

where the a,, is the column vector composed of zeros and the single “1” that
represents the boundary condition at r = R, the radius of the smallest sphere that
encloses the scatterer. The matrix C could be envisioned as a tridiagonal matrix of
the form

Py G
a pl &1 (34)

ay Py Cp

where each element is itself a 2M x 2M matrix. The elements are connection
coefficients relating the “flux’ at a point » with its nearest neighbors on the mesh
discretizing the region 0 to R. The a and ¢ elements are merely geometrical weights
which arise from approximating V,2R on a mesh of points discretizing the radial
variable.
The 2MN x 2MN matrix (34) does not have to be inverted directly; rather
we seek a recursive solution
Aoy = —[tnt1Ca] 3%5)
where the 2M X 2M matrix u is to be determined through substitution of (35)
into the general equation connecting any three points:
Ann 1 + Pultn + Cuonyy = 0. (36)
This yields

Op = _[pn - an(u'z}—lcnfl)]_l Cnllny1 (37)

which agrees with assumption (35) if

Uy = Do ; Uy = Pp — an[u;ilcn—l]' (38)

This enables us to start at the origin, calculating u, , u; , u, until we finally obtain
the desired ay_, in terms of uy; and the boundary value ay :

Ay = —[u1:71—1CN41] oy - (39

Although a and ¢ were diagonal, p, in general, will not be because it contains
contributions from integrals involving k%(r, 8). In particular,

pn:"anfcn‘*‘Dn”%_Kna (40)
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where
1 2 O

O = [ [ v = gl veevad [p ] @

and
2 — 2

K = | G o 42)

in which )
ket = [ (PPL kG 0P, dp @3)

The K, have to be evaluated numerically, but from the equation defining the
associated Legendre polynomials

[Ve2 — m2/sin2 ] Pm = —I( + 1) P, (44)

so that D, reduces to diagonal form with

ﬁ~m+n[ 2]U+MWé?L 45)

Do = 5 |7 71 T m)!

The integrations defined by Eq. (43) are shown pictorially for several different
target shapes in Fig. 3. Since the prolate and oblate spheroid, the finite cylinder,
the torus, and the double sphere are all symmetric about 90°, the p integration
(dotted line) for the a-th radial point need be done only over the range 0-1. The

=

FiG. 3. Integral paths for typical k%(r, §) patterns and their corresponding target shapes.
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cavitated sphere of case fis not symmetric about 90° so that integration must be
over the full range ~1 to 1. None of the last three cases can be handled by the
boundary perturbation method, which requires target surfaces which are single-
valued functions of 8, but they present no difficulty to the Galerkin method, being
based as it is on numerical quadrature.

In anticipation of matching wavefunctions at » = R, it will be helpful to define
or review the following terms:

" = e, —(T—_F'——)T le(COS 00) (463)
_ U=m! (' + m)

ST T mn (465)

1 if I'=1
M=o i 1l (46c)

oy, = that (complex) coefficient (out of the set obtained
as the solution to R;™) for which I” = I', (46d)
Then )
oR™ _ uP — 4" 2 [t [PE]
or |-z Ar : (47)
When the equation

OPext __ Oping

SOr der O g “8)

is multiplied through by PJ*" cos m’'¢ and integrated over § and ¢, all terms for
which m s m’ drop out due to orthogonality of the cosine terms, and the r.h.s.
will contain a factor

[rea

"8y, — o) 2 "+ m)!
k= ar T EDT=m (49)

Combining (48) with an equation matching gey; and g at r = R yields
L P ™
5 Pieos b [P O Ly st =0, 0)
t,m

where the prime on the 4 implies differentiation and the other primes indicate that
the primed index is held fixed while /is varied from 0 to L.
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If we let
Ah =cn +d and Al = ey 4 f, (61))]

then Eq. (50) can be rewritten as

S glen + d] — #len + f1, (52)

where the g and # are apparent through comparison with (50). Next, define

r=gc — fe; § = 4f — gd, (53)
so that
L
Z [’#L"}Lm - S{I}L] =0 (54)
l,m

forms a set of linear equations where r, 5, and s are all complex.
1t is instructive to examine this set in matrix form for L = 2:

0 0o 0 0 0 0 0
Yoo To1 To2 0 0 0 To Soo + So1 + So2
0 o 0 0 0 o 0
Fio "1 T2 0 0 0 M S10 -+ S11 T S12
0 0o 0 0 0 0 0
oo Ta1 To2 0 0 0 N S20 + S21 + S20
—————————————— T = . (55)
|
0 0 0 ry ri { 0 ' Si1 + 51
|
0 0 o© ra T { 0 7721 Sy + Sz
—_—— e — 1_ —_—
|
0 0 O 0 0 |7} 7)22 53

Because terms of different m are not coupled, we do not need to solve one set of
(L + (L + 2)/2 equations, but may solve for (L + 1) smaller sets which is faster
and more accurate.

Note that the P;"(cos 6,) term need not be applied until after the time-consuming
task of solving the partial differential equations for R;”. This means that with all
other parameters held fixed, the valuable ], terms can be used to recalculate
new 7’s for any number of angles of incidence.

Returning to the matrix defined in (54), we eliminate the need for complex
arithmetic in the usual way:

[Rr -+ Riillnr + ] = [Sk + Siil. (56)

581/11/4-2
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Equating real and imaginary parts

Rg —R; nrl Sr
which is equivalent to a matrix equation
Hn =S (58)

involving only real elements. Inverting %, we obtain
n =% (59)

where the desired n’s emerge as a column vector whose top half contains the real
parts of the n,” and the bottom half the corresponding imaginary parts.

2. Application to r, 0, p Coordinates

The technique of the previous section can be extended to an arbitrarily shaped
three dimensional body. Given a k%(r, 8, ¢), replace the associated Legendre
polynomials in the trial function (29) with the complete spherical harmonic

Ylm(ga ¥ — (PO):
R =Y o (") Yi» (8,9 — o)
m”

this time allowing for a nonzero ¢, . The single integrals of (41) and (43) become
double integrals over both @ and ¢, with only (43), the integral involving k*(r, 6, ¢)
being at all complicated. In the equivalent of (54), terms of different m would be
coupled, so that the remarks following (55) would no longer apply, but the worst
that happens is that we have to invert one large matrix of size (L + 1)(L -+ 2) X
(L + 1)L + 2). With the memory sizes of contemporary computers, this causes
no trouble up to about 12 partial waves. More / values would be desirable,
however, since the number of trial functions needed for the accurate representa-
tion of three dimensional targets is likely to be high.

V. ELECTROMAGNETIC WAVES IN SPHERICAL COORDINATES

1. Scattering of Electromagnetic Waves by an Inhomogeneous Sphere

If, in a homogeneous isotropic medium, C represents any one of the electro-
magnetic field vectors E, B, D, or H, then C is a solution of the vector Helmholtz
equation

VW-C—V xV x C+EkC =0, 61)
where
w?p . 4mo
ke = < (e+z = ) (62)
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in terms of light velocity ¢, circular frequency w, magnetic permeability p, dielectric
constant €, and conductivity ¢. Equation (61) is inseparable in the usual sense,
but Stratton [50] shows that, in spherical coordinates, any one of three linearly
independent vectors

L = V¥ (63a)
M=V xr¥ (63b)
N =k1V x M (63¢)

is a solution under the condition
V2Y + k2P = 0, (64)

i.e., that ¥ is a solution to the corresponding scalar wave equation. L is a longi-
tudinal vector whereas M and N are transverse.

The scattering of a plane electromagnetic wave from a homogeneous penetrable
sphere is recorded in a number of places, the text of Born and Wolf being notable
for its complete but lucid exposition [51]. For our purpose in setting the stage for
the inhomogeneous case, we prefer the more concise approach of Stratton [52].
The incident E and H fields are then

= L2141 .
B Y ) (M — i) (652)
21+ 1 ,
B, = Hy Y o) 8 NG (65b)

in terms of the odd and even components of M and N:

M = & ot itkor) PiGeos ) [0 7] = ikor) G- [Sm e, (660

COS @
N(l) —_ l(l+ 1)

ou

Julkor) Pit(cos 8) [Sm z] a,

, 6P, sin ¢ [korii(kor)) cos @
o Ui )1 S [20 ] oo - B)] s (2957, ety

where a, , a,, a, are the unit vectors in spherical coordinates. The waves trans-
mitted through the sphere are:

21 + .
E=EY ’(,(, 3 )) [ M) — ib'NE] (67a)
=1
21 1
H, = H, z p 2D ov® 4 i NG 67b)

I+ 1)



430 REILLY, JR.

where the M and N depend on the internal wave number k; rather than on k,,
and the scattered waves are:

@+ 1)

E, — EOZ T @M — NG (68a)
211, s
= H, 2 l(l(lj—_ 1)) Me(all + i N;u]a (68b)

where the M and N depend on k&, and the superscript (3) indicates that the spherical
Bessel function j(kor) in (66) is replaced by the spherical Hankel function
AP = ji(kor) + ingkor). The boundary conditions at r = R are

a, X (E; +E) =a, XE, (69a)
a, X (Hz + Hs) =a, X Ht ’ (69b)
i.e., equality of the tangential components of E and H across the surface of the

sphere. Application of (69) leads to two pairs of equations which can be solved to
obtain the coeflicients of the scattered field:

a’ — —pa jhnp)pie)) -+ ojlp)npiknp)l (70a)
b p)phP )] — phP(p)npi ()]
" Jl)nps(np)l + pon¥inp)lejp)l’ (70b)

w3 (0)npjy(np)l — pn% (np)lphM(e)l" 7

where p = koR, np = kyR, and n is the index of refraction k;/k, . The integrated
scattering and total (sometimes called the extinction) cross sections are then given
in terms of @;® and b,° via:

2 o

o =22 Y QI+ @ [+ | b ) (71a)
0 =1

= 1 X, Q1+ 1) Relar’ + b (71b)

When, in the corresponding scalar case, k, is generalized from being constant
to being a spherically symmetric function k,(r), no equations change. We merely
are (usually) forced to resort to a numerical rather than an analytic approach to
solving the radial wave equation. Such is not the case for electromagnetic scattering
from inhomogeneous spherically symmetric bodies. The outline given here follows
the presentation of Wyatt [53].2

2 See also Phys. Rev. ABI 134 (1964) where Wyatt corrects his original scattering coefficient
formulas.
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Using the usual et time dependence for steady-state fields, Maxwell’s equations
reduce to:

V - (¢E) = 0; V-H=0 (72a)
VXE=kH, VxH=—kE (72b)

where k; = iwé/c = (iw/c)(e 4- i4mojw) and k, = iw/c are related to the propa-
gation constant k£ by

K= ik, (73)

Equations (72a, b) are valid both inside a scatterer of unit magnetic permeability
and propagation constant k" and in the surrounding nonconducting region of
propagation constant k. Wyatt shows that vector solutions can no longer be
constructed from a single scalar function, say X, obeying the usual scalar Helmholtz
equation

VX + k2X =0, (74a)

but must be constructed from X and a second scalar, say ¥, obeying the modified
scalar equation
1ok 2rP)

g _
v ky or  or

+ kWP =0 (74b)

which reduces to a Helmholtz equation only when &, is independent of ». We must
now solve two radial equations, the usual one

dG,

G+ o - 25

G, =0 (75a)

resulting from separation of the X equation, and an anomalous one

2
LV 2 5P i) —

(14 1) ]
dr? k dr dr r2

W, =0 (75b)

resulting from separation of the ¥ equation. Application of the usual boundary
conditions then yields expressions for @;* and b,° that are very similar to those of
(70a, b).

The situation with respect to the internal waves is reminiscent of the scalar case
in the presence of a spin—orbit coupling interaction. There we whould have to solve
the scalar wave equation twice, once for each of two different spin values. Although
we have no spin to contend with here, we are again faced with numerical solution of
two scalar equations.
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2. The Galerkin Method Applied to the Scattering of Electromagnetic Waves Incident
at an Arbitrary Angle on an Inhomogeneous Body-of-Revolution

A plane electromagnetic wave incident at the spherical angles 6,, ¢, can be
constructed from the dyadic

_ . I — m)! o
Feikr — ; €021 + 1) ’Eﬁ%‘%,‘ g“lem(eo » ®0) Lim(r)

1 , - .
5 (G 20 Matn®) — TBinCBy 57 Nan(0)] (76

as given in Morse and Feshbach [54]. In Eq. (76), o stands for o or e (odd or even),
L, M, and N are vector wavefunctions of position r, and B, C, and P are vector

Loy an 4dg Y %] 1 o "1 A6  EDPEP £

Xm0, o) = emePy™(cos 6) W)
through the relations

. ¥ N () e mQ2l+1) ..
Bu =rr i V" T @ Dsin b ;a‘v[ TS R ]
o[ ) x - () H]E (78)
_ [+ Dpe m2l + 1) .
= 1/2 m o — m
Con = U0+ D7V XX = oy 6in g 339[ T R ]
Il—m+-1 m I+ m m
e [ e - () (780)
le - a,le. (78(:)
For each expression, B;,, = Bf, + iB;, , etc., and
Pgm : ’lJm = Pgm ' Cl;m = B?m ' (le = 0, o= 0,€. (79)
Other interesting relations that will prove useful are
B, = a, X Clm (80&)
C,, = —a, X B (8Ob)
V X B, = —rCyp, = —[l(I + D2V x Py, (80c)
V X Cp = 1By, + [l + DI'2r P (80d)

V:Cm=0 (80e)
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ﬂP-Bdgzﬂp-cczgzﬂB-CdQ:o (80f)

ﬂ P;, - P, dQ = ff B:, - B, dQ = ff C:, - C2, dQ

_ (mfey) (4m)!
D T—my

sasl/\amu . (Sog)

The longitudinal vector function L in (76) will vanish from the plane wave repre-
sentation formed by the dot product a, - Je* = (a, cos « + a, sin a) - Jekr
where a, and a, are unit vectors perpendicular to k and « is a polarization angle.
The transverse functions M and N can be defined in terms of B, C, and P as

My, = [+ DI Cu(6, @) jilkr) (81a)
N = I + 1) P78, @)kr) ™ julker) + [ + DI BL(6, @)kr)™ — rjz(kr)]

LD P+ (1) )

CES)
. . 1o\
+ Jrnlkr) [sz — (m) Blm]g (81b)
and are related by
Milm = k~1V X Ntlrlm 5 (823)
N&,, = k7V x M%,,.. (82b)

In subsequent work we will leave the incident angle 8, variable, but since we will
be concerned only with bodies-of-revolution, we can choose ¢, = 0 without loss
of generality.

The scattered waves can be constructed from M? and N2 functions as

B e &2+ 1D (—m)!
E, = B, %1 [+ D2 (1 m)!

2L+ 1) (I — m)!
« LI+ DI (T m)!

{(az]m) ° C;TmMglm l(b )s B Nglm} (83&)

{(b5)* BruMGym + i(a7)” CruNJya)  (83b)

olm

which reduce to the corresponding expressions in (68) when 6, = 0 and
a, = ap = da, -

The X and ¥ functions of Eq. (74) are called Debye potentials and it is fortunate
that they exist even for spherically symmetric inhomogeneous regions much less
for generally inhomogeneous ones since it is these potentials that allow reduction
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of the vector problem to a set of scalar ones. The concern is removed by a theorem
of Wilcox [55], who has proved that “every electromagnetic field defined in a
region between two concentric spheres can be represented there by Debye
potentials.” Application of the methods of his paper yield, for the general case
in spherical coordinates

V2X — (ko)L Vi, - V(rX) + k2X = 0 (84a)
VI (k) Vk, - VOF) + k2 =0 (84b)

where we note that, since we are still considering unit magnetic permeability, the
second term of (84a) vanishes, and that for k; = k,(r), (84b) reduces to (74b).
Although (84b) looks formidable, a transformation similar to that used in the
acoustic case will reduce it to Helmholtz form. Let ¥ = k¢. Then

Vip + K2p =0 (85)
where
K2 = k% - k1 Vi — 2(k*) Vk - Vkr). (86)

This allows the same digital program which provides the familiar of?;’s which solve
(74a) to be used to obtain corresponding coefficients, say 9., , which solve (85)
and hence (84b).

Based on the «}%; and v{’; , we now form two vector functions

M=V XX = Y ol + DI Cy (87a)

olm

M=V X 1¥ = Y YR+ DI Gy (87b)

alm

and note that as our target approaches a uniformly dense sphere, of’; — y*;, —
Jikkr) 8;-; so that ' — #A* — M as can be seen from (81a). A, having been
derived from X, should satisfy the same Helmholtz equation as the E of (72), viz.

VXV XM —KBPM =0 (88a)

whereas 2, derived from ¥, should satisfy the same modified vector equation
as H:

VXV X MM = kVEk XV X M. (88b)

Strictly speaking, this will not be the case since, for nonspherical symmetry, the r
vector appearing in (87) is distorted to s =r + rk2Vk? X r and (87a) should
be A = ki' V - k;sX. This implies that 4! and 2 actually contain B and P
terms as well as a C term, but their omission is of consequence only to those
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seeking to map #* and #? accurately deep inside the target. For scattering pur-
poses, it is only necessary that ' and 4?2 be accurate just inside the matching
boundary sphere where k2 has ceased to vary with § and hence where (87) is valid
and as accurate as numerical accuracy of « and y permit.

From * and #? we can form the complementary vector functions

N = KV X M= —k Y [(ﬁll + %) (I + DI By, + % I+ 1) le]

oim dr
(89a)
do o o
2 __ =1 1 _ 11 it el 1/2 —
NP = I X M=t T (G ) U+ DF B+ 10+ D Ry,
(89b)
where use has been made of the vector identity
Vx WA =(VP)xA+YPV XA (90)

and the relations of (80).
Noting that A" and A2 are related to the curl of A2 and A1, respectively, we
can derive the reciprocal relations:

KW X A=KV XV X M= M 91a)
'V X N = kMY XV ox M — VT XV x M

= kV X V X M® — ki'Vky X V X M| = M*. (91b)

In analogy with (83), the internal waves can now be expressed in terms of
M, M, N, N as:

mi' QL+ (I o -
— e Y (@) Con M — 165 Bl ) O20)

Gm‘l 2[ 1 l— a 2 v g o 2
= Hea, ng [l(;-(i— 1;1/2)21 T Zgy {(B7) BimeM 2 A 1(a5)" Cone G} (92b)

where
H, = —iE,, 93)

as deduced from Maxwell’s equation for curl E and the transformation properties
of A and 2.
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To facilitate algebraic details, it will prove worthwhile to define

Stm = [ + 172 a, - CF,(6,, 0) (94a)
tim = U+ D] a, - Bi,(6, , 0) (94b)
Bim = Sin{A1m)” (94c)
im = Lim(bim)’ (94d)
Cim = STm(@Tn)’ (94¢)
i = 1(b7)’ (94f)

w = €,i'(2/ + )l — m)!/(I + m)\. (94g)

Matching the tangential component of the incident plus scattered wave to that
of the transmitted wave at the boundary r = R yields

Y wi{[sM! — itN} + [aM? — ibN2} = Y wlest — id A" 1] (95a)

olm olm
KUY wilfM! + isNA] + [DMB + iaNZ2l} = ky Y, wldA? + icA 2], (95D)
olm olm

where obvious sub- and superscripts have been suppressed to avoid clutter and
the newly added subscript “#”” on the N’s indicates deletion of the longitudinal P
component {see Eq. (81b)].

By dot-product multiplication of each of Eqs. (95) first by M'/4= and then by
N/4x, integrating over 8 and ¢, and applying the orthogonality conditions of (80),
we obtain four equations for the four unknowns g, b, ¢, and d:

Kys + Koa = (4m)* Y ow [ M2 - A1 d2 (96a)
Kot + Kob = (4m) Y. (kofK) dw [ M - 2 dQ2 (96b)
Kot + Kb = (4m) 1Y dw j N - 41dQ (96¢)
Kqs + K = (4m) 1Y (kyfk) cw f N' - A2 dQ, (96d)

where the K; are definite integrals to be displayed momentarily. These are not
equations for four isolated quantities a, b, ¢, d, but, as in the scalar case, represent
coupled linear equations that must be solved by matrix methods. Since we are
postulating boundary matching on a sphere that is, say, at least one numerical
mesh space Ar beyond its closest approach to the target surface, the k in these
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equations is k', i.e., the constant wave number ot the medium surrounding the

target. Then, since k, is also a constant, we may rearrange (96¢) and (96d) slightly to
obtain

Kot + Kib = (4m) 1 Y (eofK?) dw f N - (—key L) d92 (96¢)
Kos + Ka = (4m) 1Y k-tew f NI - (ko V'?) dQ (96f)

enabling us to work with the k-independent combinations

—k ¥ =Y (fg + L) i+ nreB (97a)
oV =Y (‘Z‘f‘ 1 -:i) [ + D2 B. (97b)

We are now in a position to define matrices G(«), G(y), H(«), H(y) as those having
the respective components

Gop(®) = (Am) 1w f M! - AL dQ (98a)
Gorim(y) = (4m) L w f M - M2 dQ (98b)
Hilo) = (dm)t w f N - (kg h2) dQ (98¢)
Hyy(y) = (dm)tw f N - (—ky¥™) dR2, (984d)

where the G matrices, being based directly on « and v, are diagonal and the H
matrices, being based on derivatives of « and v, will be nondiagonal except in the
degenerate case of spherical symmetry. In a parallel vein, the K, can be considered
to be diagonal matrices whose elements are:

Ky = @m)tw [ MY~ M1AQ = I+ 1) Pjkn)] 8y, (99a)
(Ko, = (Am)yLw f M- M3dQ = I + 1) iYikr) hykr) 8, (99b)
(Kg)yy = (4m)tw f Nt- N2 dQ = [+ 1) i'[(kr)~* dfdr(rji(kr)] 8, (99¢)
(Ky = (m) 2w [ N'- N2 dQ

= W0+ 1) i*[Ckr)= dfdr (rjiker)[(kr)~ d]dr(rhy(kr))] 8, , (99d)

where A, == j; -+ in; .
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The matrix counterparts of (96) are then

G(o) ¢ = [Kys + Kpa] (100a)
G(y)(ked) = k[Kyt + K;b] (100b)
H(y)kyd) = k?[Kyt + K,b] (100c)

H(x) ¢ = k[Kys + Kual, (100d)

where a, b, ¢, and k,d are unknown column vectors and s and ¢ are known ones.
Pairing the first and fourth of these equations and then the middle two, we can
eliminate ¢ and k,d to obtain

a = —[(HG™), K, — kK,J[(HGY), K, — kKy] s (101a)
b = —[(HG™), K, — kK, [(HG™), Ky — kK] ¢, (101b)

from which all scattering quantities of interest can be obtained.

VI. CALCULATIONAL RESULTS

Computer programs based on the methods described, originally written for the
CDC 3100, are now operational on the UNIVAC 1108. Each program, one for
scalar and one for electromagnetic calculations, allows up to eight Legendre

polynomia 2 g the nun
shown in Table 1 for scalar wave scattering from a prolate spheroid whose major

He O aly mypnber o N O

70— a/b=15
m=15
6.0F

50

Libello o
Reiflly 2

40—

301

SCATTERING EFFICIENCY

0 1.0 2.0 3.0 40 5.0

FiG. 4. Scattering efficiency versus kb for scalar waves axially incident upon a prolate spheroid.
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TABLE I

Effect of Trial Function Variation on the Scattering from a Prolate Spheroid

489

alb = 1.5 ka =26 m=1.5
Reflection coefficients
NTF 1=0 =1 =2
2 0.175 — 0.428: 0.447 — 1.03; 1.06 — 0.842¢
4 1.48 — 0.717; 0.590 — 1.31; 0.375 — 1.05{
6 1.06 — 1.03; 0.678 — 1.26¢ 0.391 — 1.10{
8 1.07 — 1.02i 0.680 — 1.26; 0.391 — 1.10¢
=3 =4 [=3
2 —0.746 — 1.27i —0.540 — 0.530; 0.267 4+ 0.816/
4 —0.384 — 1.17i —0.142 — 0.599; —0.111 — 0.075{
6 —0.366 — 1.17¢ —0.131 — 0.610¢ —0.112 — 0.112/
8 —0.365 — 1.17; —0.131 — 0.610{ —0.112 — 0.113;
=6 1=17 =28
2 0.9992 — 0.051¢ 0.9996 -+ 0.026i 1.000 + 0.003:
4 1.08 + 0.161: 1.13 + 0.026; 1.000 — 0.011;
6 1.08 + 0.165¢ 1.14 + 0.029; 0.998 — 0.013;
8 1.08 + 0.165{ 1.14 + 0.029; 0.998 — 0.013/
Scattering efficiency
Total cross section/mb? Absorption cross section/mb*
2 0, = 4.569 0, = —0.3555
4 4.150 —0.0075
6 4.148 +0.0010
8 4.146 —0.0003
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to minor axis ratio and whose index of refraction were both 1.5, and for an incident
wave number k such that kg = 6. While there is change in the reflection coefficients
(the »’s of equations 26a and 59) as the number of trial functions (NTF) goes from
2 to 4 to 6, the coefficients are quite well converged between 6 and 8 trial functions.
The scattering efficiency is very stable for NTF = 4 onward, and the absorption
efficiency, which should vanish for the entirely real index of refraction used, is
clearly converging to zero. Similar behavior was obtained for spheroids of a/b ratio
upto3tol.

Although the present method is not limited to axial incidence or to real indices
of refraction, the only results available for comparison, those of Libello [28], are
limited to such cases. Figure 4 shows total scattering efficiency versus kb for the
same prolate spheroid used in the trial function convergence analysis. Agreement
is excellent throughout the resonant wavelength region scanned.

CONCLUSION AND SUMMARY

The Galerkin variational method has been applied to the scattering of scalar
and electromagnetic waves incident at arbitrary angles on nonspherical targets
which were allowed to have an inhomogeneous but still isotropic index of refraction.
Galerkin solutions converge to exact solutions as the number of trial functions
increases, provided that trial functions are chosen from a complete orthogonal set.
Calculations made according to this method yield good results, even in the
resonance region, for a number of bodies-of-revolution such as prolate and oblate
spheroids and finite cylinders, where the measure of quality was taken to be agree-
ment with either microwave analog experiments or with results obtained by other
semiexact methods. Additional details will be published in appropriate applied
journals.
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